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Abstract

This article presents revised orbital elements for
the ten small Uranian  satellites discovered by Voy-
ager 2. The elements have been determined from a
fit to astrometric observations made with the Hubble
Space Telescope and imaging data acquired by the
Voyager 2 spacecraft. An assessment of the accuracy
of the orbits represented by the elements is provided
as are comparisons with orbits found by previous in-
vestigators. Subject headings: planets and satellites:
general -- planets and satellites: individual (Uranus) -
solar system: general

1. Int rocluct ion

The ten small Uranian  satcllites were discovered
by the Voyager 2 imaging science team (Smith et
al. 1986). Owen and Synnott (1 987, Ref. A) cfcter-
mined orbital elements for them from an analysis of
the imaging data. In 1994 the eight outermost of the
ten were observed with the I[ubble  Space lklescope
(11 S”1’) (Pascu  et al. 1995, Pucu et al. 1996). A sub-
sequent analysis (Pascu  et al. 1997, Ref. H) produced
corrected mean mot ions for the eight. The purpose
of this work is to revise the complete set of orbital
elements from a combined analysis of the 11ST and
Voyager observations.

2 . Orbit  analysis

The Voyager observations are the pixel and line
locations of images of the satellites and background
reference stars in the Voyager camera frame. The star
positions relate the camera pointing and hence the
satellite observatiorls  to an inertial frame. Owen and
Synuott did their analysis in the FK4/1}1950 frame
taking the star positions from a special star catalogue
(Klernola  and OWCII  1985). To support the work for
this paper, }ve transfortned  the star positions to the
l’K5/J2000  system (Yallop et al. 1989).

‘1’he  11S1’  observations arc in the forln of position
angle and separation distance relative to Miranda. In

their  reduct ion Nfiranda’s ort)it \vas represenkd by
the G US1%6 analytical theory (Laskar  and Jacobson
1987). Comparisons of Miranda- Ariel images with
positions predicted from that same theory provided
the calibrations for the orientation and scale of the
obscrvat ions.

The analytical model for the inner satellite orbital
motion is identical to that of Ref. A, namely, a pro-
cessing  ellipse referred to the Uranian  equator, Six
elements and three rates (sidereal mean motion, ap
sidal  secular rate, and nodal secular rate) represent
each orbit. The direction of the Uranus spin axis
rather than the IAU pole defines the equator. The
spin axis orientation is specified by its right ascension,
a(J2000)  = 77!31127,  and declination, r$(J2000)  =
15’?17520, which are the angles recently determined
by French (1997), cr(1950.0)  = 76’?59719, and decli-
nation, 6(1950.0) = )5?1 1236, rotated to the J2000
system following the IAU Commission 20 conversion
procedure (Standish et al. 1992).

‘lo determine the orbits, we processed the Voy-
ager imaging data set together with the HST obser-
vations, correcting the elements and rates for all ten
satellites. We estimated five of the elements and the
mean motion and used an analytical model (Null et
al. 1981 ) to compute the sernirnajor  axis and the apsi-
dal and nodal secular rates. In the scmirnajor  axis and
rate computation, the Uranus and satellite masses are
from Jacobson et al. (1992), and the lJrarlus  gravity
zonal harmonics are from French et al. (1988). When
processing the Voyager optical observations, we took
the spacecraft position from the reconstructed Voy-
ager trajectory (Jacobson 1991) rotated to the J2000
system following the IAU Commission 20 conversion
procedure.

For the IIST data, we assigned a weight corre-
sponding to a l-a accuracy of 16 milliarcseconds
(rtlas). l’his  weig}lt is based on the examination of
the residuals frorll a number of trial solutions which
used differing weighting schemes, The  position arl-
gle weight actually applies to the angle scaled by its
associated separation distance. l’his  means, for ex-
ample, that at a separation of 16 seconds of arc, the
l-a accuracy of the position angle is 1 rnilliradian.
C)nly observations having residuals less than 48 ma-s
were included in the processing. tVe set tile Voyager
data weights at 2.5 tinles  tile values used in l{ef. A, i.e.
weights corresponding to l-u accuracies ra[igi[lg  fronl
0.2 to 0.8 pixel. ‘1’he original Voyager data }veigbts
were col~servativc;  the larger weights provide a better
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Table 1: Planctoccntric orbital elements referred to the Uranus equator. The
epoch is Julian Ephemeris Date 2446450.0 (1986 Jan. 19.5). Longitudes are
rne~%ured from the node (90° + cr) of the Uranus equator on the J2000 Earth
mean equator. ‘1’he units are kilometers, degrees, degrees/day, and seconds.

Element Cordelia Ophelia Bianca Cressida I)esdemona
(706) (707) (708) (709) (710)

c1 49751.722 53763.390 59165.550 61766730 62658.364
e 0.00026 0.00992 0.00092 0.00036 0.00013
I 0.08479 0.10362 0.19308 0.00568 0.11252
A 70.00654 298.06836 239.99911 17.43441 314.00041

175.20142 181.80964 101.51355 143.63916 129.37318
: 38.37431 164.04843 93.22044 99.40335 306.08855
dA/dt 1074.518316 956.428333 828.387961 776.582414 760.055539
dw/dt 1.502804 1.145001 0.818312 0.703820 0.669358
dfl]dt – 1 . 5 0 0 7 1 2  – 1 . 1 4 3 6 4 0  – 0 . 8 1 7 5 2 0  – 0 . 7 0 3 1 8 4 -0.668774
Period 28946.9240 32520.9939 37547.6244 40052.4135 40923.3252

Element Juliet Portia Rosaliud Belinda Puck
(711) (712) (713) (714) (715)

a 64358.222 66097.265 69926.795 75255.613 86004.444
e 0.00066 0.00005 0.00011 0.00007 0.00012
I 0.06546 0.05908 0.27876 0.03063 0.31921
A 308.67036 340.81170 289.50394 318.96757 331.62360
w 63.97441 122.49946 153.32330 321.74359 85.82748
Q 200.15504 260.06680 12.84674 279.33720 268.73361
dA/dt 730.126135 701.486481 644.630418 577.360289 472.544588
dwfdt 0.609477 0.555174 0.455889 0.352762 0.221675
dQ/dt –0.608971 –0.554737 –0.455584 –0.352548 –0.221582
Period 42600.8583 44340.1275 48250.9033 53872.7734 65822.3600

.—— —

measure of the quality of the Voyager data relative to
the HST data.

Table  1 gives the new elements and rates. Fig-
ures 1 and 2 display the 11ST observation residuals
with the position angle residuals scaled by the sepa-
ration distance. The three distinct sets apparent in
the figures correspond to three different 11S1’ orbits.
Table 2 gives the statistics of the residuals grouped by
satellite. It indicates the number of observations, the
sample mean (p) of the residuals, and the standard
deviation(c) about the~nearl.  Tberoot-meau-square
(rms)  in the last column is for the total set ofob-
servations  of the particular satellite a[ld is provided
for comparison to t}]e analogous rms given in Ref. 11.
‘I’hestatistics sbow that our orbits fit the IISTobser-
vations  as well, and in some cases better, than Owen

and Synnott’s orbits with the revised mean motions
of  Pascu  et al.. Clearly, there is an advantage in
correcting all of the orbital elements. The statistics
for the complete observatic]n  set, which appear as the
l~stcntry iuthetable, verify  that the fit isconsisteut
with our data weights. The residuals for the Voyager
optical data appear in Figs. 3 and 4; the associated
statistics can be found in Table 3. Comparing the
pixel and line rms with values from Table II of Ref. A
coufirrtls  that our orbits fit the optical observations as
well as Owen and Synnott’s orbits (our Ophelia  orbit
exhibits asornewhat poorer fit, but the differences are
within the data weights).
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Fig. 1---- HST scaled position angle residuals
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Fig. 2---- 11ST separation distance residuals

Table 2: HS1’ Observation Residuals by Satellite.
The units are milliarcscconds.

Satellite Pos. angle Sep.
No. p a No. p a rms

Ilianca
Cressida
Desdemona
Juliet
Portia
Rosalind
Delinda
Puck

lot al

3 35 12 3 4 19 28

10 2 8 10 8 16 14

11 –14 20 11 3 20 22
17 0 20 17 –1 20 19
32 –5 13 32 –1 17 16

9 –13 16 9 1 21 20
11 8 10 12 –3 16 14
31 –4 11 32 2 8 10

124 _3 16 126 1 16 16

180ec85 300ec85 1 lJan86 23Jm86

Date

Fig. 3.–- Voyager pixel residuals
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Fig. 4--- Voyager line residuals

q’able 3: Voyager imaging residual statistics

Object Pixel Line
No. ~ u rms / o rms

Cordelia
Ophelia
Bianca
Cressida
L)esdernona
Juliet
Portia
Rostdind
Belinda
Puck
Star
lot al

24
13
20
27
21
38
36
20
35
49

796
1079

–0.04
-0.11

0.04
0.12

-0,02
-0.03
–0.03

0.00
0.00
0.02
0.00
0.00

0.67 0.66 0.05 0.41 0.40
0.21 0.23 0.17 0.45 0.47
0.32 0.32 –0.05 0.25 0.25
0.42 0.43 –0.07 0.46 0.46
0.23 0.23 0.02 0.19 0.18
0.16 0.16 0.04 0.22 0.22
0.28 0.28 0.07 0.32 0.32
0.28 0.27 -0.04 0.33 0.32
0.33 0.32 0.04 0.25 0.25
0.20 0.19 –0 .02  0 .19  0 .1s
0.20 0.20 0 . 0 0  0 . 1 8  0.1s
o.24 0.2’1 0.00 0.22 0.22
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3. Accurncy  assessl~lcnt

‘1’he Voyager observations provide accurate n~ea-
sures of the size, shape, and orientation of the orbits.
Their highest resolution, 25 Km, is about a factor of
6 better than that from HST. Hence, the HST obser-
vations acid little new information on size, shape, and
orientation. Ilowever, because the Voyager and HS1’
observations are separated in time by more than 3000
days, together they give a good me~~ure  of the mean
motions (orbital periods).

Except for the nlean  motion uncertainties of the
eight outermost satellites, the element uncertainties
from the combined data fit should be essentially the
same as those given in Ref. A. Our element uncer-
tainties, however, are smaller because we used larger
weights and did not estimate the semirnajor  axes
as did Owen and Synnott.  Table 4 provides the 1-
u uncertainties for the elements. Comparison of our
mean motion statistics with those in Ref. A shows
the clramatic  improvement due to the HSrl’ observa-
tions. Our mean motion errors are slightly different
from those quoted in Ref. R because of our differing
weighting schemes and solution procedure.

The uncertainty in the sernimajor  axes is don~i-
natecl by the uncertainty in the GM of Uranus with
additional contributions from the uncertainties in the
mean motions and Uranus J2. Since the publication
of Ref. A, there has been nearly a factor of 5 imjJrove-
ment in knowledge of the Uranus GM and an order of
magnitude in that of the Uranus J2. This improved
knowledge together with the reduced mean motion
uncertainties leads to significantly smaller semirnajor
axis statistics than those appearing in Ref. A. The
apsidal  and nodal rate statistics (not given in Ref. A)
follow directly from the uncertainties in the mean rno-
tions  and Uranus J2.

g’he dominant perturbation on all of the orbits is
due to the Uranus J2; it is the only perturbation hav-
ing a contribution of more than 1 km to the calcu-
lated sernimajor  axis. For all three of the calculated
parameters, the J 4 effect is more than two orders of
magnitude less than the Jz, and even in the worst
case, Puck, the effects of the major satellites are also
more than two orders of magnitude less than J2. Con-
sequently, we feel confident calculating rather than
estimating the values for tile sernirnajor axis and the
apsidal  and nodal rates. Any modelling  errors in-
troduced from the analytical expressions used in the
calculations may be prcsurned  to contribute less than

1 krn to the overall orbital uncertainties.

‘l’able 5 gives our assessment of the actual l-cr orbit
uncertainties during the 1[S’1’  observation time pe-
riod in the radial, downtrack (in-orbit) and normal
(out-of-plane) directions. “1’he downtrack uncertain-
ties include the growth from epoch due to the pe-
riod uncertainties also given in the table. The table
values are based on a mapping of the formal statis-
tics together with comparisons between orbits from a
nunlber  of trial solutions. The 150 km hfiranda  or-
bit error, which affects the 11S’1’  observations, has a
s[nall effect on the mean motion deter rniuat  ion. This
effect is reflected in the downtrack  and period uncer-
tainties. Uncertainty in the downtrack will continue
to grow for all ten satellites while, except for Ophelia,
the uncertainties in the other directions will remain
essentially unchanged in the near future. Because of
the significant eccentricity of Ophelia’s  orbit, its pe-
riod uncertainty also will feed into its radial direction.

4. Comparison with earlier work

Owen and Synnott determined the elements from
only the Voyager data and estimated the semirnajor
axes as part of their data fit. They also calculated
se~nimajor axis values from a simplified analytical ex-
pression using the mean motions from the data fit.
In our approach we employed a more complete ana-
lytical expression for the sernimajor  axes and calcu-
lated rather than estimating their values (the expres-
sions for the apsidal  and nodal secular rates were also
more complete). l’his  approach reduces the number
of parameters to be detern(ined  from seven to six per
satellite. Moreover, we believe that the dynamical
constraint introduced through semimajor  axis calcu-
lation leads to a more accurate description of the or-
bits.

Table 6 contains the differences betwee[l  the val-
ues of selected elements fronl Ref. A and our results
(because of the different reference systems, the longi-
tudes cannot be compared directly). For the senlinla-
jor axes the differences are from the calculated values
appearing in Ref. A. “1’he scmirnajor  axis, apsis rate,
and node rate differences reflect our use of the more
complete analytical expressions and the [nore recent
values for the Uranus mass and gravity harmonics,

The n]ean motion differences for Cordclia  and
Ophelia  we discovered are due to calculating rather
than estinlatirrg  the scmirnajor  axes; a test solution
in which we estimated the semimajor  axes for the two
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Table 4: Orbital element standard deviations. l’he units arc kilometers, degrees, degrees/day, and seconds.

F;lerncnt Cordelia Ophelia Bianca Cressida Desdernona Juliet Portia Flosalind FLelinda Puck

a 0.149 0.847 0.045 0.046 0.047 0.048 0.050 0.053 0.057 0.064

e (X103) 0.096 0.107 0.118 0.111 0.070 0.087 0.080 0.103 0.073 0.061

I 0.031 0.055 0.054 0.040 0.037 0.040 0.039 0.045 0.028 0.021

A 0.011 0.027 0.020 0.013 0.011 0.012 0.010 0.012 0.009 0.007

w 15.0 0.5 10.6 15.1 38.2 8.2 136.9 51.6 51.1 29.7

n 8.6 37.9 19.4 360.0 20.8 31.3 33.6 8.0 71.6 3.4

dA/dt (X 1 03 ) 1.874 9.077 0.042 0.022 0.022 0.018 0.012 0.022 0.017 0.009

dm/dt(x103) 0.144 0.114 0.078 0.067 0.064 0.058 0.053 0.044 0.034 0.021

dQ/dt(x103) 0.144 0.114 0.078 0.067 0.064 0.058 0.053 0.044 0.034 0.021

Period 0.0505 0.3087 0.0019 0.0011 0.0012 0.0010 0.0008 0.0016 0.0015 0.0012
—.

I’able  5: l-a Actual orbit uncertainties. The
units are kilometers and seconds.

——
Satellite Radial Dowd  rack Normal Period

Cordclia 50 14500 200 0.15
Ophelia 500 75000 250 0.9
F3ianca 30 410 230 0.0060

Cressida 25 220 150 0.0035
Desdcmona 25 220 150 0.0035
Juliet 20 185 150 0.0030
Portia 25 175 150 0.0030
F{osalind 25 260 180 0.0050
Belinda 20 220 150 0.0050

Puck 20 200 120 0.0050
——

satellites leads to the same mean motions as those
in Ref. A. l’be  differences between our values for ec-
centricity and inclination and the Ref. A values also
stem from our use of the calculated semimajor axes.
The inclination differences contain a small additional
contribution due to the revised Uranus equator ori-
entation. For the eight satellites observed with 11ST
the element changes are a consequence of processing
those observations coupled with a secondary contribu-
tion from the use of the calculated semimajor axes.

‘l’able 6 also gives the differences between our mean
motions and those quoted in Ref. R. For seven of the
satellites the differences are near or below the level
of the combined uncertainty (root-sum-square of our
uncertainty and that of Ref. B). For Puck, however,
the difference is about 2.5 times the combined uncer-
tainty. In an effort to understand the mean motion
clisagreement,  we repeated the analysisof Ref. D, i.e.,
corrected only the mean tnotions  based on the 11S’1’

observations. Difl’erences  between ‘these mean mo-
tions and those from Ref. B appear as the last  entry
in ‘l’able 6; the differences nearly match the ones as-
sociated with our mean mc)tions  determined with the
combination of Voyager and HSr~data.  We conjecture
that the source of the mean motion disagreement is
sotne slight difference between our method and that
used by the Ref. B authors tc) compute the HS1’ ob-
servable; we are getting nearly the same residuals
with slightly dimerent  orbits. The formal statistics do

not reflect small variations in computational proce-

dures. We have, however, attempted to account for
such variations as well as for other unmodelled  effects
in our actual uncertainties in l’able  5.

Another form of orbit comparison appears in Ta-
ble 7 where differences are provided in terms of cylin-
drical coordinates referred to the Uranus equator.
The the angle in the Uranus equator is the angu-
lar separation on 14 August 1994 and primarily re-
flects the effects of the different mean motions. An-
gles are given for the mean motions of both Ref. A
and Ref. R. The columns labeled ‘R’ and ‘Z’ con-
tain the absolute values of the maximum difference
in those components within tt[e time period 13 Au-
gust 1994 to 15 August 1994. The radial  component
is directly affected by chatlges in semirnajor  axis, ec-
centricity, longitude of periapsis, and mean longitude.
‘l’he normal  component is directly affected by changes
in inclination, longitude of the asce[lding nocle, and
mean longitude.

5. Collclllditlg remarks

‘1’llis  article  has reported on a new dcler[llination  of

the orbits of the inner Uranian satellites fro[n  il[laging
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liable 6: Orbital element differences. ‘1’he  units are kilonleters,  degrees, and clcgrees/day.
——

Element Cordelia  Ophelia  Biancrr  Cressida  Desdertloria Juliet Portia  Rosalind  Belinda Puck

a –0.022 0.910 -0.150 0.070 0.136 0.078 0.035 0.005 –0.213 –0.044

e(X103) 0.207 0.21$ -0.037 -0.128 0.101 –0.075 0.113 –0.023 0.036 –0.067
I 0.055 -0.013 -0.037 0.037 0.048 –0.008 0.027 0.003 0.002 –0.005
dtu/dt(xlo3) 4.863 3.177 1.849 1.361 1.212 0.977 0.755 0.343 -0.114 –0.861

dfl/dt(x103) –4.884 –3.182 –1.846 –1.363 –1 .218  -0 .978  -0 .757 –0.344 0.114 0.862

dA/dt(x103) 2.257 -21.518 3.516 -0.783 –2.370 –0.769 0.106 0.708 2.529 0.482

dA/dt(x103)Ref.  B -0.013 0.033 -0.021 –0.006 -0.013 0.012 0.019 –0,032

dA/dt(x103)  HST only minus Ref. B -0.012 0.031 –0.013 –0.008 –0.013 0.014 0.020 –0.029

observations obtained by the Voyager 2 spacecraft and
observations acquired with the Hr.rbble Space Tele-
scope. The revised elements are referred to the equa-
tor of Uranus as defined by a revised spin axis. All
work was done in the J2000 rather than 111950 sys-
tem,  and the latest set of masses and Uranus gravity
harmonics were used in the calculation of the seminla-
jor axes, apsidal  rates, and nodal rates. The article
has also included an assessment of the accuracy of the
orbits and a comparison with previously published or-
bits.

Table 7: Uranian  equatorial system differences at the
time of the 11ST observations. R is distance (km)
from the pole, T is angle (deg) in the equator, Z is
distance (km) normal to the equator.

=
Satellite R “l’(A) T@) Z

Cordelia  39
Ophelia 687
Rianca 10
Cressida 20
Desdemona  2 4
Juliet 14
Portia 19
Rosalind 22
Delinda 3
Puck 16

7.016
–66.003

11.002
–2.433
–7.395
–2.403

0.316
2.223
7.919
1.512

–0.019
0.117

–0.042
–0.019
–0.057

0.045
0.068

–0.094

110
178

98
52
67
19
52
59
28
20

Because of the 1[S1 observations, knowledge of the
orbits of eight oftbe ten satellites has significantly im-
proved. Predictions based on our updated orbits of
those eight should be sufficiently accurate to support
observations for the near future. New observations

of Cordclia  and Ophelia  are needed to bring knowl-
edge of their periods to the level of that of the other
satellites.

Ephemerides based on the orbits in this article are
available electronically from the JPL I[orizons  on-line
solar system data and ephemeris computation service
(Giorgini  et al. 1996).
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concerning them.  The author  also wishes  to  thank W .
Owen for his assistance with the Voyager observations
and for access to his records of the analysis done for
Ref. A. ‘l’he research described in this publication was
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